A new algorithm for solving convex quadratic programs
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1 Introduction

Quadratic programming is a mathematical discipline which is used in several applications such as
regression, production, portfolio selection, SVM problems and partial differential equations, etc.

In this paper, instead of using the standard direction of the adaptive method [3], we suggest a
new descent direction, called hybrid direction. We define a quantity called the optimality estimate
from which we derive sufficient and necessary conditions for the optimality of a given support
feasible solution. On the base of this new direction and following the work [1], which is devoted for
solving linear programs, we construct an algorithm for solving the convex quadratic programming
problem.

The paper is organized as follows: Section 2 states the problem and reviews some definitions.
In Section 3, we present the suggested hybrid direction algorithm. Finally, Section 4 concludes the
paper and provides some perspectives.

2 Statement of the problem and definitions
A convex quadratic program with bounded variables can be presented in the following form:
1
min F(z) = Ex'Dx +cdw, st Ar=b, d” <x <dT, (1)

where D = (d;;,1 <4,j < n) is a nonnul square matrix of dimension n, which is symmetric and
positive semidefinite; ¢, d~, dT and z are n-vectors; b is an m-vector; A is an m X n matrix, with
rank(A) = m < n. The symbol (’) represents the transposition operation. Let I = {1,2,...,m}
and J = {1,2,...,n} be two sets of indices. Let Jp and Jy be two subsets of J such that
J=JpUJN,JgNJIy =0, |Jg| =|I| =m. Let Ag = A(I,Jp) and Ay = A(I, Jy). We assume
that detAp = detA(I,JJg) # 0. For a feasible solution © € R", we compute the reduced costs
vector F as follows: E' = g’ — A, with g = g(z) = Dz +¢, u' = gy AR', g5 = g(Jg). Let Ix be
the identity matrix of dimension n —m. So we compute the two matrices:
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Let Jg C Jy such that detMg = detM (Jg, Js) # 0, and set Jyy = Jn \ Js. So Jp and Jg are
called respectively a constraints support (CS) and an objective function support (OS). The set
Jp = {Jp,Js} formed by a CS Jg and an OS Jg is called a support for the problem (1). The
pair {z, Jp} is called a support feasible solution (SFS). It is called consistent if E(Js) = 0 and it
is called nondegenerate if d; < z; < d;, j € Jp. In the following, we assume that a CS Jpg, an
OS Jg, and a feasible solution « = x(J), with E(Jg) = 0, are available in advance. So {z, Jp} is a
consistent SFS.

Z=27(J,Jy) = ( ) . M =M(Jy,Jy)=2Z'DZ. (2)

3 Algorithm

e We compute the number: @ = || D||oc = maxi<i<p 22:1 |dij] > 0.
e We define the following sets of indices:

Jin={i€JIvn: B >alz; —d))}, Jyy ={j € JInn: Ej < alz; —d)},
JJI\:;N = {j e Jyn: Oé((Ej — dj) < Ej < a(acj — d;)}, Jﬁo = {] € Jyn: Ej = 0}, (3)

Jﬁj\, = {j e Jyn:0< Ej < oz(xj —d;)}, Jﬁ;\f = {j € Jnn: a(acj —dj) < Ej < 0}
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e We compute the nonnegative quantity 5(x, Jp, o), called the optimality estimate:

B, ma)= Y Eiwy—di)+ Y Bl —df)+ = Y B (4)

J€INn J€TN N JETNN
We can prove the following theorem:

Theorem 1. (Sufficient and necessary condition for optimality.) Let {x, Jp} be a consistent SFS
of the problem (1). Then the condition B(x, JJp,a) = 0 is sufficient, and in the case of nondegen-
eracy of the SFS {x, Jp}, also necessary for the optimality of the feasible solution x.

o If B(x, Jp,a) = 0, then {z, Jp} is an optimal SFS. Else, we compute the descent feasible direction,
called hybrid direction, as follows:

=d; —ay, i€ Sy i =df —ay, i j € Tyy Ij= =22, if j € Jhy; %)
I(Js) = —Mg'M(Js, Inn)I(Inw) and [(Jp) = —AR (Asls + AnnInw)-

e We compute the reduced costs direction: dy = Mly.
e We compute the steplength #° along the direction I as follows:

0 i _ g — min. .
0 = min{1,6,,,0;,,0r}, 0;, =minjes, 0;, 8;, =minjc s, 0;, op = 0. = minjesyy 0j;

o -
ajzd"j],ifl‘>o; 0 = i 1 < 0: 0; = o, i 1 = 0; ©)

oj = — 5 , if F;0; < 0; 0 = oo, otherwise.

e We compute the new solution and the new reduced costs vector:
t=x+6" and Ey = Ey + 6%y. (7)

e Let us define the sets of indices: J3 v, Jyns Jhxs JNN, JE, which are obtained by replacing
in (3), x by & and E by E. Moreover, we compute the new optlmahty estimate 3(Z, Jp,«) by
replacing in (4), z, B, J\n. Jyn, Sy by @, B, Ty, Iy Jiy respectively.
o If 5(Z, Jp, ) = 0, then {Z, Jp} is an optimal SFS Else, we start a new iteration with the SF'S
{z, Jp}, where Jp is the new support computed as follows:
e if 0V =0, , then set Jp=Jp,Js =Js \ js, Jp = {JB,JS}
e if 0 = 0r = 0;_, then set Jg = Jp,Js = Js U js, Jp = {Jp, Js};
o if 0 =6, , then

e compute the vector X' = (z;,;,7 € Jn) = feglAglAN;

o if there exists an index jo € Jg such that x;, ;, # 0, then set

J = (Jp \ j1)Ujo, Js = (Js \ jo), Jp ={JB,Js};
e else, set Jgp = (Jp \ j1)Ujs, Js = Js, Jp = {JB, Js}.

4 Conclusion

In this work, we have suggested a hybrid direction algorithm for solving convex quadratic pro-
gramming problems with bounded variables. Necessary and sufficient conditions are derived to
characterize the optimality of the current solution. In future work, we will implement and compare
our method with the classical approaches.
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